
For this hw, recall the variation of parameters

formula:

Let Y 1Yz be linearly independent solutions to

y" + a,
(x)y + as(x)y = 0

solution to

Then

apartie
y

a + ao(x)y = b(x)[is given by

yp = v
, Y ,

+ VzYz

where

v=badx and=S



Solve y"- 4y'+ 4y = (x + 1)ex

Step1 : Solve y" - 4y' + 4y = 0

The characteristic equation is r" - 4. + 4 = 0

which has roots

r =tereal root

Thus, 2XCY= c
,
e + axe

2x

Wwill use y ,
=e ,

ye = Xe
*

in the next step .

Step: Find up
for y"-4y't4y

2X

We need 24
XC I

W(y .,
32) = (exe+

2xe

= (e
* ((

*

+
2xe*) - (xe

** )(2*

4 X

4x
- 2xe

= e

**
+

2xe

47

= 2



Theng-dx =S

= Jxdx = x-x(dx=
and=

= Jinx = ((x+ dx=

Thus,·+)x

-
See

: The general
solution to

2x is

y"- 4y'+ 4y = (x + 1)e

·x-- YP

Yh

This solution is defined for all X ,
that

is on
I = ( - B,

d)



# Solve y" + y = sin(x)

-

1: Solve y" + y = 0 .

The characteristic polynomial is ri+ 1 = 0

The roots are

-4(1)(1)
=F=i = In

wi

r = 2117 Oti

Thus, y ,
= e*

cos(x) = cos(X)

yz = e
*

sin(x) = Sin(X)
.

And

=Y,
+ Ye = acs(x) + Gsin(x) .

Ste2 : Find up for y" + y = sin(x)

We have
sin(x) I

w(22)=1 cosa

=
cos(x) - (-sink(x))

= 1

Thus,

v = Sxin(x)dx
=- Sin (x)dy

=- Slz-Ecos(2x))dx =
-EX + +sin(2x)



andSbdx = Six ye
= Scos(x)sin(x1dx = Sudu = u = sin(x)

x
So,

Yp = V
, Y ,

+ ViYz = (-Ex + Esin(2x))cos(x)
+ Esin2(x)sin(x)

#3 : The general solution is

y = Yn + yp = C
,
(os(x) + Casin(x) - Excos(x)

+sin(2x)CoS(x) + [sin2(x)sin(x)zadThis solution is defined for all X
,

ie



⑭ Solve y" + y = sec(x)

-

1: Solve y" + y = 0 .

The characteristic polynomial is ri+ 1 = 0

The roots are

-4(1)(1)
=F=i = In

wi

r = 2117 Oti

Thus, y ,
= e*

cos(x) = cos(X)

yz = e
*

sin(x) = Sin(X)
.

And

yu = c
,
cos(x) + (sin(x) .

-

Ste2 : Find Yp for y" + y = sec(x)

We have
sin(x) I

w(22)=1 cosa

=
cos(x) - (-sink(x))

= 1

Thus,

v = Sixdx=

=

-Star(x)dx =
- (n(sec(x)



vi = Sex=d=

= fldx = x

-ecoxxsin
!

Ten+ 30 = c
,
cos(xl + asin(x) - (n(ses(x)) - cos(x) + X sin(x)

This would be defined on any interval that sec(x

is defined on .
For example,

when-ExW
or I= ( -E) .



~Solve y"-9y=

1: Solve y"-gy = 0

The characteristic equation is r29 = 0

The roofs are r = 13 .
-3X

=,+ 4

&2 : Find up for y"-9y=
- 34

-3x3X
We have 3xe 3x -3X

W(y, Yel = (ax I I - 3e e -3
-3X ~

-3e ↑ -

e3x
-3x

= 2= 1

=
- 3 - 3 = - 6

So ,=
= -x

*xf -J
*dx) =x+Sa

*
dx

↑

&x =x-b

- 6x -6x
=-Exe -ye



and

v Sbdx = Jax=)x

=- E. =
- -x

So ,

Yp = v, y ,
+ veyz = (ix-e) - ex

+ ( - yx) .e
Y

=-Exe-- exe

#p 3 : The general solution is

y = yn + yp = ce+
*

-xx·wor

this function is defined for all X
,

so

be I = (- D,
d)



⑪ Solve y" + 3y' + 2y = Te
-

St: Solve y" + 3y' + zy = 0 .

The characteristic equation is r+ 3r + z = 0.

This factors as (r + 2) (r + 1) = 0

So, the roots are r = -1
,
-2 .

- X - 2X

Let y ,
= e , Yz = e

- 2x

cente
We have <*

= (eY)-2
**)

W(y ,
Y2) =

2

-x - 2XI * - 2e I
- (e

*

((e
* )

- 3X
- 3X

=
- ze +

3
=

- e

So ,

v = Six=x=
= Sdx = Stud = Inlitul = Inli

T z

#the"duzed = In (I+ e
*)



and

===
-edx

X -
2X-
-1 + eX⑫kulation =see

=- e2Y= In (1 + e
*) - ex LFe

Thus ,

Yp = V
, Y ,

+ v= yz = (n(1 + e
* ) - e

*

+ (In(H+) -

e
*) .

= e
*

(n(l + e
*) + e (n)(+eY) - ex

-

is

Sep3: The general solution

y = Yy+ yp = c ,
e+ c

*

+
(n((tet) + e (n)Ite - e

Y

[This is defined on
I= -D,

d)



⑰ Solve y"+ 3y' + 2y = sin(et)

-

Sty: Solve y" + 3y' +zy = 0

The characteristic equation is r+ 3r + 2 =

This factors as (r + 2)(r + 1) = 0

The roots are r = -2
,
-I

- X
- 24

Thus
,

Y 1
= e , Y= e

- X

#y = <
, y ,

+ (2yn= ce+ Ge

Su2: Find Yp for y" + 3y' + 2y =
Since

We have
- 2x =

Y I = (eY)(Y) - (e
* )(-2eY)

-
34

- 2W(ye) = /ze *
-Y

-
3

+ 2e
=- e

- 3X
= C

So,

~ = Sbdx=2

=-Gesin(edx-Stsin(t)dtFatelet
= Adt



&
- EAcosle)-)-coslade

=

Acos(A) - sin(t)

⑫(A) = ecocle)
- since

*)

And gedx = Jedx = Jesin
-

Acos(t)-f-cos(t)dt
[Stsinla)dt =

du=
dt

u= t↳x dv = SinlAlda
v =

-costt)

=>
Acos(A) + (in(t) =

- ecos(et + since
Y )

So ,

yp
= V

, Y , + VYz

= le
* cosle-sinle) e

+ (-
"cos(e + since

*))e
Y



= ecosle*)- e* sinle *)

- ecosle") + esinle
* (

3: The general solution is

-
X

- 2x
+ ce

y = yn + yp
= ce

-2xsinle
* )

-Xcosle*) - e[t C

- e cos(eX) + e"sinleY
- 2X

This solution is defined on F = C-X ,
/


